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Preliminary skirmish



Organisational information about the course

Material for the course:
e lecture notes

e Slides (in advance) and writings into slides (afterwards)



About the lecturers

Arne Meier (Leibniz University Hannover)

Research Interests: Complexity Theory, Foundations of Al,
Non-Classical Logics, Enumeration
https://arnemeier.github.io

Jonni Virtema (University of Sheffield)

Research Interests: Finite Model Theory, Temporal Logics
for Hyperproperties, Logical Foundations of Neural Networks,
Complexity Theory.

http://www.virtema.fi/




Prerequisites and requirements

e Complexity theory foundations, e.g., [Pap07; Sip97]
e Propositional Logic foundations, e.g., [EFT94]
e Modal Logic (only relevant for last lecture), e.g., [BRVO01]



Course outline

Monday, 5th of August Syntax and Semantics, Properties, Problems.
Tuesday, 6th of August Expressivity and succintness
Wednesday, 7th of August Inclusion Logic: P-complete MC, coNP-complete VAL

Thursday, 8th of August Dependence. Show MC(PDL) is NP-complete. DQBF,
VAL(PDL) is NEXP-complete

Friday, 9th of August Hyperproperties, Temporal Aspects. TeamLTL(inclusion, dep)
is undecidable.



Complexity and Expressivity of Propositional Logics with Team Semantics
Arne Meier, Jonni Virtema
5th of August

Lecture 1: Propositional Logics with Team Semantics

Literature: [YV17]



Dependence and independence

( What means “x depends on y” or “x and y are independent”? )

Compare it to: “x divides y"

Here: fix structure A, with well-defined division and find an assignment s: {x, a} — A.
Then: Check Tarskian semantics of A ="x divides y”



Dependence and independence

( What means “x depends on y” or “x and y are independent”? )

Compare it to: “x divides y"

Here: fix structure A, with well-defined division and find an assignment s: {x, a} — A.
Then: Check Tarskian semantics of A ="x divides y”

Caution: (In-)dependence is different. It does not manifest itself in single assignments,
but in
e tables or relations
e sets of rounds of a game

e sets of assignments ~~ teams



(In-)Dependence Logics: Henkin-Quantifiers (1959)

9} g J Z—Vbth@[X[b’? fav) i Fj
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Semantics: over Skolem functions or via games with
imperfect information

Leon A. Henkin
(1921-2006)

(A, P) = ¢, if there are functions f,g: A — A such that for all a,c€ A

P(a, f(a), ¢ &(c))



(In-)Dependence Logics: Independence-friendly logic (1989)

e First logic with quantifiers that are annotated with
independence

e Quantification: ¢ formula, x variable, W finite set of
variables yields expressions (3x/ W)y and (Vx/W)e

e Game-theoretic Semantics: In the evaluation game for
(©x/ W), the value x has to be chosen independent of
the values in W

e At two positions ((9x/ W)y, s) and ((©x/W)ep, s') with
s(y) # §(y) for all y € W, the same value for x has to
be chosen

Jaakko Hintikka
(1929-2005)

Gabriel Sandu
(* 1954)



Dependence Logic: Historically

Jouko Vaananen
(* 1950)



Dependence Logic: A Bit of Motivation

Primary key
/—/%

docent time room lecture

Antti  09:00 A.10 Genetics
Antti  11:00 A.10 Biochemistry
Antti  15:00 B.20 Ecology
Jonni  10:00 C.30 Bio-LAB
Juha 10:00 C.30 Bio-LAB
Juha 13:00 A.10 Biochemistry




Dependence Logic: A Bit of Motivation

Primary key
/—/%

docent time room lecture

Antti  09:00 A.10 Genetics
Antti  11:00 A.10 Biochemistry
Antti  15:00 B.20 Ecology
Jonni  10:00 C.30 Bio-LAB
Jiha 10:00 C30  Bio-LAB
Juha 13:00 A.10 Biochemistry

Task: Consistency check of a timetable.

{docent, time} functionally determines {room, lecture}, whe€ {room, time} does
not functionally determine {docent}.



Dependence Logic: Applications

Dependence Atom
e Models functional dependencies in sets of assignments

e Semantics: y depends on x, i.e., y is uniquely determined by x

y z z
1 o Fdep({x};{y}) o~ dep({x};{y})
11 1

O O | X
O O | X
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Dependence Logic: Applications

Dependence Atom

e Models functional dependencies in sets of assignments

e Semantics: y depends on x, i.e., y is uniquely determined by x

O O | X

y V4
1 o Fdep({x};{y})
11

O O | X
(@I RN

o #dep({x}:{y})
1

Applications: Modelling of...
e database schemes
e deterministic behaviour
e specifications
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Team-Based Propositional Logic

Definition 1
Let PROP be a countably infinite set of propositions. A afonc P\ﬁd\bk (
e Propositional Team Logic (PL):

pri=x|x|eAp|pVep

where x € PROP ande2=Q-=PRAD

e A over PROP is a set of assignments, i.e., an element of P

!

61”2%“‘”* S :?QOP'~> 40143

(2PROP)
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Propositional Team Semantics vs. Chssial '(ox' ) @ P

a st of Msiauwuls
For assignmtf s: PROP — {0,1} and P Z PROP, s|P is assignmt. restricted to P.

Definition
Let T be a team and ¢, € PL[dep]. We define T |= ¢ recursively via:

TE x iff s(x)=1 VseT,
TE —x iff s(x) =0 Vse T,
TEeANY N TEe and T =9,
T): pVa iff E|T1§|T2(T: L U Tg) s.t. Ty ): @ and Ty }Z?ﬁ
G.r‘a““fv Cbﬁwba’[la
aution: OnIy atomic negation here. T,“Thfrt( ~d 54 7Y
T, 83k A Isfrap T=T
Clasicely { ¢ - vy ff (shFe e SE % // T 18t awd BEr 7



Dependence Atoms

’:PlQ c ?QOP dl.ﬂ (&I_“x%slj‘) d(p( X/;-—,Xg) -+ \Jk)

/ =( x4 50y 9)
TEdep(P;, Q) iff Vs te T:s|P=tP=sQ=t|Q.

Notation: PL[dep] for propositional logic with dependence atoms.
Observations:

TE dep()Q) iff Vs,te T:s[Q=t]Q (Constancy Atom),
Tl —dep(P, Q) iff T=0.
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Team Semantics from the Database Perspective

propositions = attributes

AN

docent time room lecture
_ r Antti  09:00 A.10 Genetics |
assignment Antti  11:00 A.10 Biochemistry]
e Antti  15:00 B.20 Ecology

Jonni  10:00 C.30 Bio-LAB
Juha 10:00 C.30 Bio-LAB
Juha 13:00 A.10 Biochemistry

,
N A AL A A

.
"

team £ table
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Back to the Initial Example

primary key

docent time room lecture

Antti  09:00 A.10 Genetics
Antti  11:00 A.10 Biochemistry
Antti  15:00 B.20 Ecology
Jonni  10:00 C.30 Bio-LAB
Juha  10:00 C.30 Bio-LAB
Juha 13:00 A.10 Biochemistry

= {docent, time} functionally determines {room, lecture}.

15
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Back to the Initial Example

primary key

docent time room lecture

Antti  09:00 A.10 Genetics
Antti  11:00 A.10 Biochemistry
Antti  15:00 B.20 Ecology
Jonni  10:00 C.30 Bio-LAB
Juha  10:00 C.30 Bio-LAB
Juha 13:00 A.10 Biochemistry

= {docent, time} functionally determines {room, lecture}.

( How do you express this in PL[dep]? )

dep({@fsn):,_ﬁin_e}, {room, lecture})
g R
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We only consider Propositional Team Logic here

Caution: encode all entries in binary (Propositional Logic vs. FO)

docent room time lecture b rr tithty cico
Antti  A.10 09.00  Genetics 00 11 110 11
Antti  A.10 11.00 Biochemistry 00 11 111 00
Antti B.20 15.00  Ecology 00 00 o000 01
Jonni C.30 10.00 Bio-Lab 01 01 001 10
Juha C.30 10.00 Bio-Lab 10 01 001 10
Juha A.10 13.00 Biochemistry 10 11 010 0O

(Left) Sample database with 4 attributes and universe size 15.
(Right) Encoding with [log,(3)] + [log,(3)] + [logy(5)] + [logy(4)]-many propositions.
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Interesting and Important Properties of such Logics

loryy q Q\ZC( N
kr
AN
property definition dep € L1 |
Downward closure Tl @ and T C T implies T | ¢ v X x VY
Union closure TEeand TE@implies TUT Ep x v VvV X

All logics considered here are:

flatt TEp<=Vse T:{s} ¢
and satisfy the

Empty team property: § = .
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Downward Closure of PL[dep]

Lemma 3

PL[dep] is downward closed.
?—"’i‘ 1, shrchred icduchion ows P, lab T be aw leainn
1) g=x PRl I TRy b TPX. fe~ce 'VseT 569~ 1.
SYTeT: Vel 6= » TEp.
2) ¢ = cip( Q). Beaker: YVsteT : sih=41P = sha =£T‘Q‘.‘
5 V T'QT , VS",&‘G T‘ S"\P’ t‘ﬁf’) 8("0 "—6‘le ) | PM&)
Vg~ x  xelPoh, R sinilacy o & 1) e pb T
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Downward Closure of PL[dep]

Lemma 3

PL[dep] is downward closed.
2) V: KAﬁ‘ % le({ thﬁ,l TF« acd TP‘l (Sekq..}:c))
Yy TeT  Tra , B#h y7'<T - T'RL
boce ' VT'CT * T'F waf
?)({: o v"> | @] Seenhics 1 seb dT, T wih T=T0T st
T, Ex aud ZFEL.
YT T 7;:”"‘ VT'sTIT T
VTleT T
Vo e - rp T wk=



Decision Problems

-

Problem: PL[dep]-MC — the model checking problem )
lupt 2 A PL[dep]-formula ¢, a team T over Vars(p)
L Qs o Is T }= ¢ true?

Problem: PL[dep]-SAT — the satisfiability problem )
l‘—pul s A PL[dep]-formula ¢
L Quahon  Exists a non-empty team T over Vars(p) with T = ?

Theorem 4 ([Loh12, Theorem 4.13], )
PL[dep]-MC is NP-complete.
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Satisfiability Does not Become Harder Than in the Classical Case

Com perff Clossiol. SAT
Theorem 5 ([M)

PL[dep]-SAT is NP-complete.

We huwro © () @ damisud doyed . Tl v

(pmun A PLCap)~farnnts is S«»(\T/v“a.&z iF@ a 5’1“3‘4‘-« leas Ghisfiey IF.

Woke d(,,ad(,;u. ooy At 4/—-‘-38 Wfﬁd &1 QJQ@L ml-\y.

lewian T an) @& PlCle,) and 5;7{(%‘ feee 35§ 100 lae Wt
bshep 1 489 E % | o< ¢F & @ bt eny dep(fiof

i Kﬂ‘C@( 67 &Lglu-.ll: trie f'é’»j,,PV“P.
NP- Lot 55 ¢ [(Sllowss (o Siletns Onl. dlasszed MP-Lerdlissg relir

A”—hdhbwz'-'/" Ry Letnncs a{ abow gu/s( reda i~ tD &‘SSM SAT R

20



Inclusion (Wednesday)

Pi G & PROP P =Pr P
Inspired by “inclusion dependencies” from database theory. /

TeEppCqquiff Yue TIve T: u(p) = v(g)

Theorem 6 ([Hel+20, Cor. 3.6])

()
PLICISAT is EXP-complete, TeE (" )
Theorem 7 ([Hel+19, Thm. 13])
PL[C]-MC is P-complete.
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Looking Beyond the Horizon: Independence

Caution: Also exists in stochastics; two events are independent if the occurrence of one
does not influence the probability of the other occurring

22



Looking Beyond the Horizon: Independence

Caution: Also exists in stochastics; two events are independent if the occurrence of one
does not influence the probability of the other occurring

But: e logical independence compatible with this
e every possible pattern for (x, y) occurs, but how often does not matter

e knowing only x/y gives no information about the other
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Caution: Also exists in stochastics; two events are independent if the occurrence of one
does not influence the probability of the other occurring

But: e logical independence compatible with this
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e knowing only x/y gives no information about the other
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Looking Beyond the Horizon: Independence

Caution: Also exists in stochastics; two events are independent if the occurrence of one
does not influence the probability of the other occurring

But: e logical independence compatible with this
e every possible pattern for (x, y) occurs, but how often does not matter

e knowing only x/y gives no information about the other

TEPL - Pelrorgr - qeiff V(u,v) € T x Tmit u(r) = v
dwe T: u(pr) = w(pr) A w(

—~
~l!

)
= vq)

Ql
N

“the variables in p are completely independent of g for each constant value of 7"
Theorem 8 ([Han+18])
PL[L]-SAT and PL[L]-MC are NP-complete.
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Looking Beyond the Horizon: Exclusion

TeEpipel g qe - V(u,v) € Tx T:u(p) # V()

Theorem 9 (by vanilla SAT, [Coo71; Lev73))
PL[|]-SAT is NP-complete.
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Implication aQgr

Clssicl paen 35 o~ conpli
b bwtid iff 4-¢ is iv IHP.
A formula ¢ a formula v if and only if every team that satisfies ¢ also satisfies

¥, written ¢ = 1. A set of formulas X entails a formula ¢ if and only if every team
that satisfies all formulas in X also satisfies ¢, written X = .

Problem: PL[dep]-IMP — the entailment problem for PL[dep]
Eingabe: a set of PL[dep]-formulas ¥, a PL[dep]-formula ¢
Frage: Is ¥ = ¢ true?

Theorem 10 ([Han19, Thm. 5.6, Thm. 6.1])
PL[dep]-IMP is coNEXPTIMENP -complete. el &(1) ane &7&( Q) f;s.q
C’V\/ "‘/O
Bose wecbiine iv coNEXPTIME | crack @l b WP sesd,i,
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Conclusion of Lecture 1

Team semantics

Dependence Atoms

Inclusion, Exclusion, Independence
Complexity of Satisfiability of PL[dep]

Properties of PL[dep] thoL doM



Complexity and Expressivity of Propositional Logics with Team Semantics
Arne Meier, Jonni Virtema
6th of August

Lecture 2: Expressive power of team-based logics

Literature: [YV17; Hel+14]
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